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Abstract 



In this paper, we construct a kind of infinite-dimensional Novikov algebras and 
I give its realization by hyperbolic sine functions and hyperbolic cosine functions. 
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^ ■ §1 Introduction 

p ■ 

^ I The Hamilton operator is an important operator of the calculus of variations. When 

I. M. Gel'fand and I. Ya. Dorfman [5-7] studied the following operator: 

* ^ — ^ C-'-) (0) ^ 

H ■ k 
■ 

they gave the definition of Novikov algebras. Concretely, let Cijk be the structural 
coefficients, a product of L = L(eo, ei, ■ ■ ■) be o such that 

Then the product is Hamilton operator if and only if o satisfies 

(a o 6) o c = (a o c) o 6 
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(a o 6) o c + c o (a o 6) = (c o 6) o a + a o (c o 6) . 

In 1987, E. I. Zermanov[15] began to study Novikov algebras and proved that 
the dimension of finite simple Novikov algebras over a field of characteristic zero is 
one. In algebras, what are paid attention to by mathematician are classifications 
and structures, but so far we haven't got the systematic theory for general Novikov 
algebras. In 1992, J. M. Osborn [9-10] had finished the classification of infinite simple 
Novikov algebras with nilpotent elements over a field of characteristic zero and finite 
simple Novikov algebras with nilpotent elements over a field of characteristic p > 0. 
In 1995, X. P. Xu [11-14] developed his theory and got the classification of simple 
Novikov algebras over an algebraically closed field of characteristic zero. C. M. Bai 
and D. J. Meng [1-3] has serial work on low dimensional Novikov algebras, such as 
the structure and classification. We construct two kinds of Novikov algebras [4]. 
Recently, people obtain some properties in Novikov superalgebras [8, 16]. 

In this paper, we construct a new infinite-dimensional Novikov algebras and give 
its realization by hyperbolic sine functions and hyperbolic cosine functions. 
Definition 1.1 Let {A,o) be an algebra overF such that: 

{a,b,c) = {b,a,c), (1.1) 

{a o b) o c — {a o c) o b, \/a,b,cGA, (1.2) 

then A is called a Novikov algebra over F. 

Renicirk 1.2 (1) Condition (1.1) is usually written by 

a o [b o c) — {a o b) o c — b o [a o c) — {b o a) o c. (1-3) 

(2) An algebra A is called a left symmetric algebra if it only satisfies (1.1). It is 
clear that left symmetric algebras contain Novikov algebras. 
Remcirk 1.3 (1) If {A,o) is a left symmetric algebra satisfying 

[a,b]= aob-boa, ya,b e A, (1.4) 

then {A, [, ]) is a Lie algebra. Usually, it is called an adjoining Lie algebra. 

(2) Let {A, •) be a commutative algebra, then {A, do, o) is a Novikov algebra if 
do is a derivation of A with a bilinear operator o such that 

aob^a-do{b), Va, 6 e A (1.5) 
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§2 Main results 

Lemma 2.1 Let { bo, ai, h\, a2, 62? • • • On? bn, ■ ■ • } be a basis of the linear space 
A over a field F of characteristic p 7^ 2 satisfying 

bmbn — -^i^rn+n + bm-n) , (2-1) 

where b^^n — ^m; Q-m — —O'm- Then A is a commutative and associative algebra. 
Proof. It is clear that ^ is a commutative algebra over F. 

(Ofe, ttn, am) — ak{0'n(lm) — {0'kO'n)0'm 

- 

(^m+k+n ^m—k—n ~l~ ^m+k—n ~l~ Q'm— fe+n) 

= 0. 

Similarly, we have that {bk,bn,bm) = {ak,an,bm) = {ak,bn,am) = {bk,an,am) = 
{bk,bn,am) = {bk,an,bm) = {ak,bn,bm) = 0. Then {a,b,c) = 0,Va,6, c e A. The 
result follows. □ 
CorollEiry 2.2 60 of Lemma 2.1 is a unity of A. 

Lemma 2.3 Let A be a commutative and associative algebra satisfying Lemma 
2.1. Then the following statements hold: 

1) If Dq is a linear transformation of A such that 

Do{an)^nbn, n = 1,2,3, 2) 
Do{bn)^nan, n = 0, 1,2,---, 

then Dq is a derivation of A. 

2) // aDo is a linear transformation of A such that 

{aDo){b) = aDo{b),ya,be A, (2.3) 
then aDo is a derivation of A. 



3) Vi = {aDo\a G .4} is a subalgebra of Lie algebra Der^. 
Proof. (1) We have 



and 



= ^{{rn + ri)arn+n- {n-rn)an-rn)- 

So Dq is a derivation of A. 

2) For Va, &, c e we have 

{aDQ){bc) = aDoibc) = aDQ{b)c + abDoic) = {aDo){b)c + b{aDo){c), 

so aDo is a derivation of A. 

3) For Va, 6, c e we have 

[aDo,bDo]ic) = iaDo)ibDo){c) ~ {bDo)iaDo)ic) 
= aDo{b)Do{c) - bDo{a)Do{c) 
= {aDo{b)-bDo{a))Do{c). 

Then [aL>o, &^o] = {aDo{b) - bDo{a))Do G Pi, and so 3) holds. □ 
Theorem 2.4 Let A be a commutative and associative algebra satisfying Lemma 
2.1, and let a be an element of A. If Dq satisfies Lemma 2.3 and o satisfies 

boc^baDo{c)yb,ce A, (2.4) 

then the following statements hold: 

1) {A, aDg, o) is a Novikov algebra. 

2) {A,aDQ, [, ]) is an adjoining Lie algebra of {A,aDQ,o) and [ , ] such that 

[b, c] = a{bDo(c) - cDo(b)), V&, c E A. (2.5) 

Proof. 1) By Lemma 2.3, qDq is a derivation of the commutative algebra A. So 
{A, aDo, o) is a Novikov algebra by Remark 1.3 (2). 



2) {A,aDo, [,]) is an adjoining Lie algebra of (^,01^0,°) by Remark 1.3 (1). 
For V6, c e A,3a e A, we have 



[b, c] = b o c — c o b = baDo{c) — caDo^b) = a{bDo{c) — cDo{b)) 

since A is commutative. Hence we obtain the desired result. □ 
Let bo be a unity of A. If we set a = bo in Theorem 2.4, then a„ o = 
anboDo{am) — an{mbm) — ^{a-m+n + On-m)- Similarly, we obtain the following 
corollary: 

Corollary 2.5 Let A he a commutative and associative algebra satisfying Lemma 
2.1. Then the following statements hold: 



b-n ^ b^i '^{P'n+rn ~l~ ^m—n) 
"2"(^n+m ^n— to) 
bn "2"(^n+TO ~l~ ^n— to) 

anc? 

[fln, Om] = |(m - n)an+m + + n)an-m 
[bn, bm] = |(m - n)an+m - |(m + n)an-m 
[an, bm] = \{m- n)bn+m + m)bn-m 

[K, am] n)bn+m + |(m + n)6„_. 



(2.6) 



(2.7) 



TO- 



The following, let sinhx = — , cosh a; = ^-^y — the field F be assumed R or 
C. We will construct Novikov algebras over the linear space which is generated by 
sinhx and coshx. 

First, let T be a linear space generated by {sinhmx, coshnxjm, n e N} over F. 
Lemma 2.6 T satisfying the above product is a commutative associative algebra. 

Proof. Since the above product is commutative and associative, we only need 
that T is closed for the product. In fact, 

sinh sinh na; = -[cosh(m + n)x — cosh(m — n)x] 

cosh mx cosh nx = - [cosh(m + n)x + cosh(m — n)x] (2.8) 

sinh mx cosh nx — - [sinh(m + n)x + sinh(m — n)x]. 
So T is a commutative and associative algebra. □ 
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Lemma 2.7 Let T be a linear space generated by {sinhma;, coshna;|m, n G N} 
overF, then {1, sinh mx, cosh nx\m,n e Nq} is a basis ofT. 

Proof. For Vn e Nq, suppose that there are co,ai,bj e F, i, j e Nq such that 

Co + Oi sinh x + 61 cosh x + ■ — h a„ sinh nx + 6„ cosh = 0. (2.9) 

We take derivative for (2.9) such that its derivative order is 2k — 1 {k E Nq), and 
put X = 0. Then we have 

ai + 2^''-^a2 + ■■■ + n^'^'^an = 0. 



Let k — 1,2, ■ • ■ ,n, then we obtain the following system of n linear equations: 

(2.10) 



ai + 2a2 + ■ ■ • + UGn = 
ai + 2^02 H h n^ttn = 



oi + 22'*-ia2 + • • • + n2"-^a„ = 0. 

If Oi, • • • , a„ are seen to be unknown, then the coefficient matrix of (2.10) is the 
Vandermonde matrix whose determinant is not 0, so aj = 0, i = 1, n. 

We take derivative for (2.9) such that its derivative order is 2k {k e Nq), and 
put X — Q. Then we have 

61 + 2^% + • • • + n^'^bn = 0. 
Let A; = 1, 2, ■ ■ ■ , n, then we obtain the following system of n linear equations: 

(2.11) 



61 + 2^62 + ■ ■ ■ + n%r^ = 
61 + 2^62 + • • • + n%n = 



bi + 22^62 + • • • + n'"6n = 0. 

If bi,---,bn are seen to be unknown, then the coefficient matrix of (2.11) is the 
Vandermonde matrix whose determinant is not 0, so bi — 0,i = l,---,n. Since 
for Vi e No, ai — and bi — satisfy (2.9), we have cq — 0. Hence {1, 
sinhx, coshx, • • •, sinhnx, coshnx} are linearly independent for Vn e No, then 
{1, sinhnx, coshmx|n, m e No} are linearly independent and so they form a basis 
of T as desired. □ 
Theorem 2.8 Let Ai, A2 be commutative and associative algebras overF. If (f: 
Ai — > A2 is an isomorphism and Di e Der^i, then the following statements hold: 
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1) D2:=ipDiip'^ eBeTA2. 

2) ip: {Ai,Di,o) — y {A2,D2,o) is also an isomorphism of Novikov algebras. 
Proof. 1) For Va, 6 e Ai, we have 

= ipDi{ab) = <p{Di{a)b + aDi{b)) = ip{Di{a))ip{b) + ip{a)ip{Di{b)) 
= {^D,^-'){^{a)Mb) + ip(a){^D,^-'){^{b)). 

So 1) holds. 

2) For Va, 6 e ^i, we have 

(^(a o b) = ip{aDi{b)) = ip{a)ip{Di{b)) 
= ^{a){^D^^-'){^{b)) = (^(a)L'2(<^(&)) 
^ip{a)oip{b). 

So 2) holds. □ 
Theorem 2.9 Le^ ^ &e a commutative and associative algebra over F satisfy- 
ing Lemma 2.1, Dq be its derivation satisfying (2.2) and T be a commutative and 
associative algebra over F satisfying Lemmas 2. 6 and 2.7. If ip : A — >■ T satisfies 

(fiibm) — cosh mx, m — 0,1,2, ••• , (/?(a„) = sinh nx, n — 1,2,---, (2.12) 

then the following statements hold: 

1) ip is an isomorphism of commutative and associative algebras. 

2) ipDoip-'^^ 

3) ip : {A,aDQ,o) — >■ {T,ip{a)-^,o) is an isomorphism of Novikov algebras. 
Proof It is clear by Lemma 2.7, (2.1) and (2.8). 

2) By (2.2) and (2.12), we have 

ipDoip~^{smh.nx) — ipD^i^aj^ 

— ipinbn) ~ ncosh.nx 
d sinh nx 

<\x ' 

ipDQip"^ {cosh, nx) — ipDo{bn) 

— ip{nan) = nsinhnx 
d cosh nx 

dx 
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So 2) holds. 

3) It is clear that ip{aDQ)ip~^ — (p{a)d/dx. By (2.12) and (2.2), we have 

ip{aDo)ip~^{smh.nx) = ip{aDo){an) 
= (p{aDo{an)) = (fiianbn) 

— ip{a)(f{nbn) = (p{a)ncoshnx 

— ip{a)d{smhnx)/dx. 

Similarly, we have (p{aDQ)ip^^{cosh.nx) = (p{a)d{cosh.nx)/dx. So ip{aDQ)ip~^ — 
(f{a)d/dx. 

By Theorems 2.4, 2.8 and Remark 1.3 (2), we have 

(f{b o c) — (f{baDQ{c)) 
= ip{b)ip{aDo{c)) 
= ^{b)[ip{aDo)ip-\ip{c))] 
— (p{b)(p{a)d/ dx{(fi{c)) 
= ip{b) o (^(c),V6, c e A. 

So (fi : {Ao, clDq, o) — y (T, </7(a)^, o) is an isomorphism of Novikov algebras. □ 
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